We study the vacuum stability of a minimal Higgs portal model in which the standard model (SM) particle spectrum is extended to include one complex scalar field and one Dirac fermion. These new fields are singlets under the SM gauge group and are charged under a global U (1) symmetry. Breaking of this U (1) symmetry results in a massless Goldstone boson, a massive CPeven scalar, and splits the Dirac fermion into two new mass-eigenstates, corresponding to Majorana fermions. The lightest Majorana fermion (w) is absolutely stable, providing a plausible dark matter (DM) candidate. We show that interactions between the Higgs sector and the lightest Majorana fermion which are strong enough to yield a thermal relic abundance consistent with observation can easily destabilize the electroweak vacuum or drive the theory into a non-perturbative regime at an energy scale well below the Planck mass. However, we also demonstrate that there is a region of the parameter space which develops a stable vacuum (up to the Planck scale), satisfies the relic abundance, and is in agreement with direct DM searches. Such an interesting region of the parameter space corresponds to DM masses 350 GeV mw 1 TeV. The region of interest is within reach of second generation DM direct detection experiments.
I. INTRODUCTION
The conspicuously well-known accomplishments of the SU (3) C ×SU (2) L ×U (1) Y standard model (SM) of strong and electroweak forces can be considered as the apotheosis of the gauge symmetry principle to describe particle interactions. Most spectacularly, the recent discovery [1, 2] of a new boson with scalar quantum numbers and couplings compatible with those of a SM Higgs has possibly plugged the final remaining experimental hole in the SM, cementing the theory further.
Arguably, the most challenging puzzle in high energy physics today is to find out what is the underlying theory that completes the SM. The overly conservative approach to this dilemma has been to assess the consistency of the SM assuming a vast desert between the electroweak scale M EW ∼ 10 3 GeV and the Planck mass M Pl ∼ 10 19 GeV. The relevant physics of the desert hypothesis is determined by running couplings into the ultraviolet (UV) using renormalization group (RG) equations. The behavior of the running couplings depends sensitively on the weak scale boundary conditions, among which the mass of the Higgs boson is perhaps the most critical. The measured Higgs mass m H = 125.5 ± 0.5 GeV [3] [4] [5] [6] corresponds to a Higgs quartic coupling λ close to zero when renormalized at energies above Λ ∼ 10 11 GeV.
Strictly speaking, next-to-leading order (NLO) constraints on SM vacuum stability based on two-loop RG equations, one-loop threshold corrections at the electroweak scale (possibly improved with two-loop terms in the case of pure QCD corrections), and one-loop effective potential seem to indicate m H saturates the minimum value that ensures a vanishing Higgs quartic coupling around M Pl , see e.g. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . However, the devil is in the details. More recent NNLO analyses [18] [19] [20] On combining in quadrature the theoretical uncertainty with experimental errors on the mass of the top (m t ) and the strong coupling constant (α s ), one obtains m H > 129 ± 1.8 GeV. The vacuum stability of the SM up to the Planck scale is excluded at 2σ (98% C.L. one sided) for m H < 126 GeV [18] [19] [20] . The instability of the SM vacuum does not contradict any experimental observation, provided its lifetime τ is longer than the age of the universe T U . Since the stability condition of the electroweak vacuum is strongly sensitive to new physics, from the phenomenological point of view it is clear that beyond SM physics models have to pass a sort of "stability test" [21] [22] [23] . Indeed, only new physics models that reinforce the requirement of a stable or metastable (but with τ > T U ) electroweak vacuum can be accepted as a viable UV completion of the SM [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
From a theoretical perspective some modification of the Higgs sector has long been expected, as the major motivation for physics beyond the SM is aimed at resolving the huge disparity between the strength of gravity and of the SM forces. Even if one abandons this hierarchy motivation, which does not conflict with any experimental measurement, the SM has many other (perhaps more basic) shortcomings. Roughly speaking, the SM is incapable of explaining some well established observational results. Among the most notable of these are neutrino masses, the QCD theta parameter, and the presence of a large non-baryonic dark matter (DM) component of the energy density in the universe. Interestingly, if the new dynamics couples directly to the Higgs sector, this may induce deviations from the usual vacuum stability and perturbativity bounds of the SM. However, beyond SM physics models are usually driven by rather high scale dynamics (e.g., the neutrino seesaw and the QCD axion), in which case there will be a negligible effect on the running of the couplings. A notable exception to this is the weakly interacting massive particle (WIMP) DM, whose mass scale is constrained to be low if produced by thermal freeze-out [36] .
The scalar Higgs portal is a compelling model of WIMP DM in which a renormalizable coupling with the Higgs boson provides the connection between our visible world and a dark sector consisting of SU (3) C ×SU (2) L ×U (1) Y singlet fields [37] [38] [39] [40] . This is possible because the Higgs bilinear Φ † Φ is the only dimension-2 operator of the SM that is gauge and Lorentz invariant, allowing for an interaction term with a complex singlet scalar S of the form
Given that S develops a vacuum expectation value (VEV), the Higgs mixes with the singlet leading to the existence of two mass eigenstates (h 1 and h 2 ), which in turn open the portal into a weak scale hidden sector. Despite its simplicity, in fact, this model offers a rich phenomenology, and it provides a simple and motivated paradigm of DM.
In this paper we carry out a general analysis of vacuum stability and perturbativity in the SM augmented by a Higgs portal with a minimal weak scale hidden sector. The layout is as follows. In Sec. II we outline the basic setting of the scalar Higgs portal model and discuss general aspects of the effective low energy theory resulting from a minimal hidden sector. In Sec. III we confront the model with a variety of experimental data, including direct DM searches, heavy meson decays with missing energy, the invisible Higgs width, as well as astrophysical and cosmological observations. In Sec. IV we derive the RG equations and in Sec. V we present the analysis of vacuum stability. Our conclusions are collected in Sec. VI.
II. MINIMAL HIGGS PORTAL MODEL
A viable DM candidate must be stable, or nearly so. Stability results from either an unbroken or mildly broken symmetry in the Lagrangian. A discrete Z 2 symmetry is the simplest available symmetry to guarantee absolute stability of the DM particle. Under Z 2 the SM particles are even while the DM particle is odd [41] . The required symmetry may be simply introduced by hand into the SM, or, more naturally, may remain after breaking of some global continuous symmetry. For example, a concrete realization of such a hidden sector could emerge when a global U (1) symmetry is spontaneously broken by a scalar field with charge 2 under that symmetry, and so a discrete Z 2 symmetry arises automatically in the Lagrangian. After spontaneous symmetry breaking, fields with an even (odd) charge under the global U (1) symmetry will acquire an even (odd) discrete charge under Z 2 . Consequently the lightest particle with odd charge will be absolutely stable, and thus a plausible dark matter candidate. The simplest approach to realize this scenario is to introduce one new complex scalar field S and one Dirac fermion field ψ into the SM. These new fields are singlets under the SM gauge group, and charged under U (1) W symmetry, such that U (1) W (ψ) = 1 and U (1) W (S) = 2. Spontaneous breaking of a global continuous symmetry generates a massless Goldstone boson and a CP -even scalar, and splits the Dirac fermion into two new masseigenstates, corresponding to Majorana fermions.
The renormalizable scalar Lagrangian density of the set up described above is found to be
where
is the potential and
is (in a self-explanatory notation) the covariant derivative. In the spirit of [42] , we write S in terms of two real fields (its massive radial component and a massless Goldstone boson). The radial field develops a VEV r about which the field S is expanded
The phase of S is adjusted to make α(x) = 0. Next, we impose the positivity conditions [40] 
If the conditions (7) are satisfied, we can proceed to the minimization of (4) as a function of constant VEVs for 2 φ r .
Note that there are two distinct regions of the parameter space: one in which the hidden scalar singlet is heavier than the Higgs doublet and one in which is lighter. The small θ limit leads to the usual SM phenomenology with an isolated hidden sector. For the DM sector we assume at least one Dirac field
As advanced above, we assign to the hidden fermion a charge U (1) W (ψ) = 1, so that the Lagrangian is invariant under the global transformation e iW α . Assuming the transformation is local we express ψ as
Now, after r achieves a VEV we expand the DM sector to obtain
The diagonalization of the ψ mass matrix generates the mass eigenvalues,
for the two mass eigenstates
In the new basis, the act of charge conjugation on ψ ± yields
which implies that the fields ψ ± are Majorana fermions. The Lagrangian is found to be
where α ≡ 2α r is the canonically normalized Goldstone boson [42] . We must now put r into its massive field representation, for which the interactions of interest are All in all, the Dirac fermion of the hidden sector splits into two Majorana mass-eigenstates. The heavier state will decay into the lighter one by emitting a Goldstone boson. The lighter one, however, is kept stable by the unbroken reflection symmetry. Hence, we can predict that today the universe will contain only one species of Majorana WIMP, the lighter one w, with mass m w equal to the smaller of m ± . Therefore, the dark sector contains five unknown parameters: m w , m h1,2 , λ 2 , θ, and f . To facilitate the calculation of the WIMP relic density, throughout we impose a supplementary constraint relating some of these free parameters: ∆m/m w 1, where ∆m = |m + − m − | = 2|f r |. (The most common variables used in this article are summarized in Table I.) A cautionary note is worth taking on board at this juncture. It is well known that the spontaneous breaking of a global U (1) symmetry have several disconnected and degenerate vacua (the phase of the vacuum expectation value 0|S|0 can be different in different regions of space, and actually we expect it to be different in casually disconnected regions), yielding dangerous domainwall structure in the early universe [43, 44] . In the spirit of [43] , it may be possible to explicitly break the symmetry introducing (possibly small) terms in V , such that the domain walls disappear before dominating the matter density of the universe, while leaving (pseudo-)Goldstone bosons and the same dark matter phenomenology [26] .
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For simplicity, we restrict our considerations to the potential in (4), but generalizations are straightforward.
III. CONSTRAINTS FROM EXPERIMENT
The mixing of r with the Higgs doublet φ can be analyzed in a two-parameter space characterized by the mass of hidden scalar m hi and the mixing angle θ, where i = 1 for a light scalar singlet (i.e. m h2 = m H ) and i = 2 for a heavy one (i.e. m h1 = m H ). We begin to constrain this parameter space by using data from DM searches at direct detection experiments.
A. Constraints from direct DM searches
The wN cross section for elastic scattering is found to be
where N ≡ 1 2 (n + p) is an isoscalar nucleon in the renormalization group-improved parton model [48, 49] . The effective couplings to protons f p and neutrons f n are given by
where G q is the WIMP's effective Fermi coupling for a given quark species,
with ψ q the SM quark field of flavor q. The first term in (26) reflects scattering with light quarks, whereas the second term accounts for interaction with gluons through a heavy quark loop. The scalar spin-independent form factors, f (p,n)
Sq , are proportional to the matrix element,, of quarks in a nucleon. Herein we take [50] 
in good agreement with the scalar strange content of the nucleon from lattice QCD calculations [51] . The gluon scalar form factor is given by f
Sq . For the case at hand,
with
yielding [52] see Appendix A for details. We may re-express this result in terms of the mixing angle,
For θ 1, the upper limits on the nucleon-wimp cross sections derived by the various experiments translate into upper limits on the mixing angle
To determine f we require the w relic density to be consistent with h 2 Ω DM 0.111(6) [53] . In our study we consider the interesting case in which m hi < m w and hence the instantaneous freeze-out approximation is valid [54] . In this region of the parameter space, the w's predominantly annihilate into a pair of h i 's or coannihilate with the next-to-lightest Majorana fermion, producing a scalar h i and a Goldstone boson. All of the final state h i subsequently decays into α . We note, however, that for m w ≈ m H /2 one expects dominant annihilation into fermions. We have found that for the considerations in the present work, the effective thermal cross section can be safely approximated by [54] lim ∆m/mw→0
is is the number of relativistic degrees of freedom at the freeze-out temperature T f , and m hi /m w 0.8 [54] . In general for WIMP DM x f ≈ 20 − 25 [55] . The precise relation between the WIMP mass and the required Yukawa coupling to attain the relic density condition is shown in Fig. 1 . We note that the mass upper limit, m w < 74 TeV, is in agreement with the uni- [56] , which implies m w ≤ 110 TeV [57] .
Using (33) we can now translate the 90% confidence limit on the spin independent elastic WIMP-nucleon cross section as obtained by direct detection experiments into an upper limit of |θ|. In Fig. 2 we show constraints on this parameter space from direct dark matter searches. For m w 8 GeV, the most restrictive constraint comes from the LUX experiment [58] , whereas for m w 8 GeV, the most restrictive upper limit is from the SuperCDMS low threshold experiment [59] . It should be noted that indirect DM searches (e.g. by detecting neutrinos from annihilation of captured low-mass WIMPs in the Sun) also constrain the WIMP-nucleon elastic scattering cross section. However, these searches are in general model dependent. For example, for 100% annihilation into τ + τ − pairs, the Super-Kamiokande Collaboration [60] has set the current best upper limit on σ wN for WIMP masses below 8 GeV. Because of the assumed dominant decay into SM fields, this limit cannot be used to further constrain the (θ, m h ) parameter space.
B. Constraints from heavy meson decay
For m w 10 GeV, searches for heavy meson decays with missing energy provide comparable bounds [61] [62] [63] . In particular, the upper limit reported by the BaBar Collaboration B(Υ(1S) → γ + E / T ) < 2 × 10 −6 [64] yields an upper bound for the mixing angle, θ < 0.27 [65] .
2 A stronger constraint follows from LEP limits on the production of invisibly-decaying Higgs bosons σ Zh /σ ZH < 10 −4 [68] [69] [70] [71] [72] , which implies θ < 10 −2 [73] . More restrictive constraints come from searches for the rare flavorchanging neutral-current decay B + → K + +E / T reported by the BaBar [74] [75] [76] , CLEO [77] , and BELLE [78] collaborations, as well as limits on K + → π + + E / T from the E787 [79] and E949 experiments [80] [81] [82] . The resulting excluded regions of the (|θ|, m h ) plane from all these experiments are compared in Fig. 2 with those from direct DM searches.
C. Constraints from LHC and SN1987A
Before proceeding we note that additional constraints on the (|θ|, m h ) parameter space can be obtained from limits on Higgs decay into invisible particles and from emission of α -particle pairs in a post-collapse supernova core. However, these are not direct constraints as they depend also on the quartic coupling of the hidden scalar. In particular, since invisible decays reduce the branching fraction to the (visible) SM final states, it is to be expected that B(H → invisible) is strongly constrained.
Indeed B(H → invisible) is known to be less than about 19% at 95%CL [83] [84] [85] [86] [87] . This implies exclusion contours in the (|θ|, m h ) plane as a function of the free parameter λ 2 given by [63] 
In addition, the emissivity of α due to nucleon bremsstrahlung (N N → N N α α ) cannot exceed the limits imposed by SN1987A observations: α ≤ 7.324 × 10 −27 GeV [88] . For typical supernova core conditions (T = 30 MeV and ρ = 3 × 10 14 g/cm 3 ) it is easily seen that |λ 3 | ≤ 0.011 m h 500 MeV 2 [89] . For θ 1 we can translate this limit into a bound on the mixing angle via
By use of m h ≈ √ 2λ 2 r we can express this bound as
In Fig. 3 
Dedicated searches for DM candidates serve as an essential component of the LHC physics programme. The typical experimental signature of DM production at the LHC consists of an excess of events with a single finalstate partilce X recoiling against large amounts of missing transverse momentum or energy. In Run I, the AT-LAS and CMS collaborations have examined a variety of such "mono-X" topologies involving jets of hadrons, gauge bosons, top and bottom quarks as well as the Higgs boson in the final state. In particular, the CMS Collaboration has reported very restrictive bounds on the DMnucleon scattering cross section from searches in events containing a jet and an imbalanced transverse momentum [90] . However, it is important to stress that the contact operator approximation adopted in [90] only holds if the mediator is heavy and can be integrated out [91] . If the mediator is light and contributes to resonant DM production (as in the minimal Higgs portal model discussed herein), the contact approximation fails and the mono-jet bounds do not apply. Future LHC14 mono-X searches will also probe vertex operators for which the mediator between dark matter and quarks is heavy [92, 93] , and therefore cannot constrain the Higgs portal model discussed in this paper.
D. Constraints from cosmology
Cosmological observations further constrain the model. The earliest observationally verified landmarks -big bang nucleosynthesis (BBN) and the cosmic microwave background (CMB) decoupling epoch -have become the de facto worldwide standard for probing theoretical scenarios beyond the SM containing new light species. It is advantageous to normalize the extra contribution to the SM energy density to that of an "equivalent" neutrino species. The number of "equivalent" light neutrino species,
quantifies the total "dark" relativistic energy density (including the three left-handed SM neutrinos) in units of the density of a single Weyl neutrino
where ρ γ is the energy density of photons (which by today have redshifted to become the CMB photons at a temperature of about T today γ 2.7 K) [94] . Recent results reported by the Planck Collaboration [95] have strongly constrained the the presence of an excess ∆N eff above SM expectation: N SM eff = 3.046 [96] . Specifically, the 68% C.L. constraints on N eff from Planck TT, TE, and EE spectra, when combined with polarization maps (lowP) and baryon acoustic oscillation (BAO) measurements are [95] : The joint CMB+BBN predictions on N eff provide comparable constraints. The 95% C.L. preferred range on N eff when combining Planck data (TT, TE, EE+lowP) with the helium abundance estimated in [97] is N eff = 2.99 ± 0.39, whereas the combination of Planck data with the deuterium abundance measured in [98] yields N eff = 2.91 ± 0.37 [95] . (See also [99] .) In summary, one fully thermalize neutrino, ∆N eff 1, is excluded at over 3σ. Models predicting fractional changes of ∆N eff ≈ 0.39 are marginally consistent with data, saturating the 1σ upper limit. Models predicting, ∆N eff ≈ 0.57, are ruled out at about 2σ.
As noted in [42] the Goldstone boson α is a natural candidate for an imposter equivalent neutrino. The contribution of α to N eff is ∆N eff = ρ α /ρ ν . Thus, taking into account the isentropic heating of the rest of the plasma between the decoupling temperatures, T dec α and T dec ν , we obtain
where g(T ) is the effective number of interacting (thermally coupled) relativistic degrees of freedom at temperature T ; for example, g(T 
This corresponds to a number of equivalent light neutrino species that is consistent at the 1σ level with current data. The α decouples from the plasma when its mean free path becomes greater than the Hubble radius at that time. The α collision rate with any fermion species of mass m f at or below T is of order [42] 
whereas the expansion rate of the universe is of order
3 If relativistic particles are present that have decoupled from the photons, it is necessary to distinguish between two kinds of g: gρ, which is associated with the total energy density, and gs, which is associated with the total entropy density. For our calculations we use g = gρ = gs.
We equate these two rates to obtain
Now, taking m f = T = m µ we obtain
Substituting the conservative value λ 3 = 5 × 10 −3 in (46) we have m h ≈ 500 MeV. Note that if the α goes out of equilibrium when the only massive SM particles left are e + e − pairs, ∆N eff = 0.57. In such a case the value of m h would have to be less than given by (46) by a factor between (m e /m µ ) 1/2 and (m e /m µ ) 7/4 [42] . This sets a lower limit on the mass of the hidden scalar: m h ≈ 35 MeV.
IV. RG EVOLUTION EQUATIONS
One-loop corrections to (4) can be implemented by making λ 1 , λ 2 , and λ 3 energy dependent quantities. The positivity conditions of (7) then must be satisfied at all energies.
A straightforward calculation leads to the RG equations for the five parameters in the scalar potential
where t = ln Q and Y t is the top Yukawa coupling, with
and 
where n g = 3 is the number of generations [100] . Finally, the running of f is driven by [101] 
V. VACUUM STABILITY CONSTRAINTS
We now proceed to study the vacuum stability of the model through numerical integration of Eqs. (47), (48), (49) and (50) . To ensure perturbativity of f between the TeV scale and the Planck scale we find from (51),
yielding f 0 < 0.7. For normalization, we set t = ln(Q/125 GeV) and t max = ln(Λ/125 GeV). Now, using the SM relation m 2 H = −2µ 2 , with m H 125 GeV, and setting φ 2 = 246 GeV at the same energy scale Q = 125 GeV we fix the initial conditions for the parameters µ and λ. Throughout we take the top Yukawa coupling renormalized at the top pole mass [102] .
A. Light scalar singlet
We integrate the RG equations from m h2 = m H and impose the initial conditions for λ 1,2,3 by putting the observed values into (16)
The other quantities in (16) m h1 = m h , θ and r remain free parameters. It is easily seen through numerical integration of (47), (48), (49) and (50), that there are stable vacua up to the Planck scale. However, for those stable vacua, the required values of θ and m h are excluded at 90% C.L.
As an illustration, we note that there is a stable solution for r = 2.8 GeV and m h = 0.3 GeV, which corresponds θ = 0.01. As can be seen in Fig. 2 , this region of the parameter space is excluded at 90% C.L. Actually, for m h = 0.3 GeV, it can be shown that the mixing angle is bounded from below: θ > 0.004. The argument is as follows. The Yukawa coupling f of the Majorana fermion does not suppress the growth of λ 2 , but does exactly the opposite. This is due to the smallness of f and therefore
As a result, we can simply set f = 0. The RG equation of λ 2 then implies a constraint on its boundary value: λ 2 | Q=m H < 0.2 or it blows up before reaching the Planck scale. For λ 2 | Q=m H = 0.2, we need λ 3 | Q=m H < −0.28 to have λ 1 always positive. We note that a positive λ 3 only makes λ 1 grows slower and does not help the situation. A smaller λ 2 | Q=m H only slows down the growth of λ 3 and does not improve the stability. In other words, the maximum of λ 3 | Q=m H is −0.28. Moreover, from (16) we see that the mixing angle decreases monotonically when either λ 3 | Q=m H (when it is negative) or λ 2 | Q=m H increases. So we reach a minimum angle when λ 2 | Q=m H = 0.2 and λ 3 | Q=m H = −0.28, which gives θ = 0.004. Such a value is excluded at the 90% C.L.
Next, we show that for m h > 0.3 GeV, the required mixing angle for a stable vacuum up to the Planck scale is θ > 0.004. To this end, we rewrite (16) as
where we have taken x = sin θ and y = r . Now, since m h < m H by increasing m h we decrease |m 
in (53) increases (because it is proportional to x 2 /y 2 ) and therefore the other term ∝ 1/y 2 decreases. In other words, we have both x/y and y rising and therefore x(θ) increases with increasing m h .
It should be noted that a theoretical lower limit on the mass of the hidden scalar can be obtained by generalizing the Weinberg-Linde [103, 104] bound (see also [105] ). Herein instead we have used experimental data to determine such a lower limit. For m h < 0.3 GeV, the previously derived lower bound on θ can be relaxed. However, for m h = 35 MeV, we cannot reduce the mixing angle to a level consistent with searches for the rare flavorchanging neutral-current decay K + → π + + E / T without sacrificing vacuum stability, i.e. λ 3 ∼ 1 is required to obtain θ 10 −4 . Moreover, the upper limit set by SN1987A observations excludes values of m h < 35 MeV, for λ 2 0.2. As an illustration, in Fig. 4 we show a comparison between the θ behavior imposed by vacuum stability and the upper limit on the mixing angle derived from (37) , fixing the quartic coupling of the hidden scalar to the fiducial value that saturates the condition of vacuum stability, i.e. λ 2 = 0.2.
We conclude that, for m h2 = m H , there are no stable solutions up to the Planck scale in the allowed region of the parameter space. 
B. Heavy scalar singlet
For energies below the mass of the heavier Higgs h 2 , the effective theory is (of course) the SM. In the low energy regime the Higgs sector is given by
and the RG equations are those of SM. To obtain the matching conditions connecting the two theories, following [26] we integrate out the field S to obtain a Lagrangian of the form (56) . Identifying the quadratic and quartic terms in the potential yields
and
respectively. This is consistent with the continuity of φ SM φ ; namely
with φ given by (9) . The quartic interaction between the heavy scalar singlet and the Higgs doublet provides an essential contribution for the stabilization the scalar field potential [26] . When we refer to the stability of (4) at some energy Q (with the use of the couplings at that scale), we are assuming that the field values are at the scale Q. Note that the field values are the only functional arguments when talking about a potential like (4) , and therefore the appropriate renormalization scale must also be at that scale. For λ 3 > 0, the third condition in (7) could potentially be violated only for field values φ around m h2 , regardless of the renormalization scale Q [26] . Consequently, the region of instability is found to be:
where Q * is some energy scale where the extra positivity condition is violated; see Appendix C. 4 Therefore, Q ± ∼ m h2 when the extra positivity condition is saturated, that is λ 1 λ 2 = λ 3 /4. From (60) it follows that Q ± ∼ m h2 when all the λ i are roughly at the same scale. If one of the λ 1,2 is near zero, then Q + can be m h2 , but this region of the parameter space is constrained by the condition λ 1,2 > 0. The stability for field values at m h2 is then determined by the potential with coupling at scale m h2 (instead of Q). Therefore, for λ 3 > 0, we impose the extra positivity condition in the vicinity of m h2 . Even though the potential seems unstable at Q m h2 , it is actually stable when all the field values are at the scale Q. Note that the potential with λ i (Q) can only be used when the functional arguments (field values φ , r ) are at the scale Q. On the other hand, the instability region for λ 3 < 0 is given by
and hence is given by the ratio of φ and r , which can be reached even with both φ and r being m h2 ; see Appendix C. Therefore, for λ 3 < 0, we impose the extra positivity condition at all energy scales. Note that the asymmetry in λ 3 will carry over into an asymmetry in θ.
To solve the system - (47), (48), (49) and (50) -we run the SM couplings from 125 GeV up to the mass scale m h2 and use the matching conditions to determine φ SM , which in turns allows one to solve algebraically for m h1 . In Fig. 5 we compare the region of the parameter space which contains stable vacua up to the Planck scale (red area) with the allowed (blue) bands from direct DM searches. From (35) it is straightforward to see that the heaviest WIMP satisfying the relic density constraint, m w = 70 TeV, is near the unitarity limit [56] . However, one can immediately recognize in Fig. 1 that such a WIMP mass exceeds the perturbativity limit, f 0 ≤ 0.7.
The maximum WIMP mass that simultaneously satisfies the relic density constraint in (35) and the f 0 perturbativity limit in (51) ify the region of the parameter space with stable vacua, see Fig. 7 . In summary, the superposition of the blue and red areas in Fig. 5 indicates the region of the parameter space which develops a stable vacuum, satisfies the relic density condition, and is in agreement with direct DM searches. The interesting region of the parameter space comprises WIMP masses 350 GeV m w 1 TeV. 5 The region of interest is within reach of second generation DM direct detection experiments, such as DEAP3600, DarkSide G2, XENONnT, and DARWIN [108, 109] .
VI. CONCLUSIONS
We have studied the vacuum stability of a minimal Higgs portal model in which the SM particle spectrum is extended to include one complex scalar field S and one Dirac fermion field ψ. These new fields are singlets under the SM gauge group and are charged under a global U (1) symmetry: U (1) W (ψ) = 1 and U (1) W (S) = 2. The spontaneous breaking of this U (1) symmetry results in a massless Goldstone boson, a massive CP -even scalar, and splits the Dirac fermion into two new mass-eigenstates ψ ± , corresponding to Majorana fermions. The symmetry breaking yields naturally a WIMP candidate. Fields with an even (odd) charge under the global U (1) symmetry will acquire, after symmetry breaking, an even (odd) discrete charge under a Z 2 discrete symmetry. While the SM particles are all even under Z 2 , the Majorana fermions ψ ± are odd. In such a set up the lightest particle with odd charge, ψ − , will be absolutely stable, and hence a plausible WIMP candidate.
We have shown that interactions between the extended Higgs sector and the lightest Majorana fermion which are strong enough to yield a thermal relic abundance consistent with observation can easily destabilize the electroweak vacuum or drive the theory into a nonperturbative regime at an energy scale well below the Planck mass. However, we have also unmasked a small region of the parameter space which develops a stable vacuum (up to the Planck scale), satisfies the relic abundance, and is in agreement with direct DM searches. This region comprises WIMP masses 350 GeV m w 1 TeV. The region of interest is within reach of second generation DM direct detection experiments.
Needless to say, here we have considered a minimal model to ensure that bounding the parameter space remains tractable. However, our extension of the dark sector enlarges the parameter space sufficiently to contain stable vacua up to the Planck scale. 
Appendix B
To establish the one-loop RG equations for the parameters of the scalar potential, we first compute the one-loop effective potential and then impose its independence from the renormalisation scale. To one-loop level, the scalar potential is given by V = V (0) + ∆V (1) , where V (0) is the tree-level potential and ∆V (1) indicates the one-loop correction to it. To compute the latter it is useful to re-write the tree-level potential (4) in terms of the real scalar fields:
The particular combination of fields relevant for the calculation are ϕ 2 = ϕ 
We now relate the two functional forms of the Higgs potential. At the classical level (4) differs from (C1) by a constant; that is the vacuum energy is shifted. In fact (4) has a negative vacuum energy ∼ − 1 4 λ 2 ( r ) r 4 (again neglecting all φ corrections) and the instability requires the potential to be smaller than this negative vacuum energy.
At a particular scale Q, all the couplings λ i in (4) can be replaced by λ i (Q) and µ 1,2 (Q), so that (4) can be rewritten in the form of (C1) with some φ(Q) , r(Q) as a combination of λ i (Q) and µ i (Q). Note that we can still adopt our previous arguments to consider only the configuration |S| = 0. In this case,
The condition for stability is saturated when
Solving (10) we have −µ 2 1 ( r ) = 1 2 λ 3 ( r ) r 2 . Now, assuming that all the λ i do not run too much along the RG flow we obtain (C4).
When λ 1,2 remains relative away from zero, (60) remains a reasonable approximation for the scale Q ± between which (i.e., Q − < √ 2|Φ| < Q + ) the potential can become negative. Note that a naïve argument for instability using only the quartic potential (which is usually how we get to λ 2 3 ≥ 4λ 1 λ 2 ) is only valid for λ 3 < 0. As a result, the potential can only become unstable in a some very particular field configuration. In this region, however, the effective potential is not valid since the field values are far away from the scale Q.
